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I worked with Julio in 2016 summer to find upper bounds for the change
in price after modifying parameters of the Black Scholes equation. The
following is a brief report of our progress.

1. Part 1

In solving the Black-Scholes Equation for European Options, we need
to solve:
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with the solution:

V (st, t) =
e(−r(T−t))

(2π)
n
2 |detA|

1
2

∫
Rn

Φ(st · ex)exp(−1

2
αT ·A−1 · α)dx [1],

where αi = (xi − (r − σ2
i
2 )(T − t)), A = (T − t)(M · C ·M) ,C is the

correlation matrix and M is the matrix with σi on its diagonal and
zero elsewhere. Φ(s) = max(

∑n
i=1 cisi −K), 0) is the payoff function

of the Basket option.

Now we try to obtain the error of |V (s,A) − V (s,B)| where A is the
correlation matrix of a 2-D Option and B is constructed by adding
small ε to the eigenvalues of A. The following plot is the result based
on Monte Carlo Simulation: (s1(0) = s2(0) = 1,K = 0.92, σ1 = σ2 =
0.2, corr = 0.3, r = 0.02, T = 1)
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The plot show a promising linear relationship between eps and abs(error).
Therefore, it is reasonable to try bounding the error in O(eps). The
value of error in the plot is listed as below:

2. Part 2
In this part, we intend to focus on one dimensional case to better
understand the effect of changing volatility on the difference in the
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prices. In one dimension, [1] can be simplified into the following:

V (st, t) =
e(−r(T−t))

(2π)
1
2 (T − t)

1
2σ

∫
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Φ(st · ex)exp(−1

2
· a2

(T − t)σ2
)dx [2],

where a = x− (r− σ2

2 )(T − t). If we let C(t) = e(−r(T−t)) and Pσ(x) =
1

σ(2π)
1
2 (T−t)

1
2
exp(−1

2 ·
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(T−t)σ2 ), then

V (st, t) = C(t)

∫
R

Φ(st · ex)Pσ(x)dx [3]

For Put Options, payoff function Φ(st · ex) = max(K − st · ex, 0). We
can obtain an explicit form of V (st, t).

Consider I(σ) =
∫
R Φ(st · ex)Pσ(x)dx, this is the part where different

σ contributes to difference in prices. Therefore, we want to change the
value of σ from 0 to large to see the role σ plays on the price. Note
that when σ → 0, Pσ(x) = δm(x). Define

E(σ) =

∫
R

Φ(st ·ex)(Pσ(x)−δm(x))dx =

∫
R

Φ(st ·ex)Pσ(x)dx−F (m).

Let
d1 = log(S/K) + (r + 1

2σ
2)(T − t)

σ
√
T − t

d2 = log(S/K) + (r − 1
2σ

2)(T − t)
σ
√
T − t,

E(σ) =

∫
R

Φ(st · ex)Pσ(x)dx− F (m)

= KΦ(−d2)− ster(T−t)Φ(−d1)− (K − stem)+

The next plot is based on setting(K = 1, r = 0.1, s = 1, T − t = 1)
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Note that before σ = 0.2, the error is linear with respect to σ. This is
because our payoff function becomes zero when σ < 0.2.

3. Part 3
In this part, we try to obtain a upper bound for the difference. Re-
call [1] in Part 1, if we eigen-decompose A = QTDaQ, V (st, t) can be
rewrite into a function of a = [a1, a2, ..., an], where ai = eigenvalue(A)i.

G(a) =
e(−r(T−t))

(2π)
n
2 |detA|

1
2

∫
Rn

f(x)exp(−1

2
(αT · (QTDaQ)−1 · α)dx [4]

If we substitute y = Q−1α and dx = Qdy. Again, |detA|
1
2 = |det(QTDaQ)|

1
2 =

(
∏n
i=1 ai)

1
2 . [4] can be rewrite into

G(a) =
e(−r(T−t))

(2π)
n
2 |
∏n
i=1 ai|

1
2

∫
Rn

f(Qy +m)exp(−1

2
(ytD−1

a · y))Qdy [5].

Now the difference of |G(a)−G(B)| can be bounded by applying Mean
Value Theorem:

|G(a)−G(b)| = ∇G(θ) · (b− a), θ ∈ (a, b)
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=
∑
i

∂iG(θ)(bi − ai) ≤ max
i
∂iG(θ) ∗ |b− a|.

Therefore, we only need to bound ∂iG(θ). By [5], we can calculate the
derivative of G:
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2
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Therefore,
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Back to [6],

∂jG(a) =

∫
Rn

e(−r(T−t))f(Qy +m)

(2π)
n
2

{−1

2
∗ (
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)}Qdy. [7]

4. Conclusion
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In this project, I helped in numerical estimation of the behaviour of
two circumstance in Part 1 and 2. In part 3, I helped derived the
derivative of function G, which can be used in finding upper bound for
the difference when change correlation of the stocks. Due to the limited
time I have working with Julio, I did not complete the research on the
[7] of Part 3. In further discussion, I would exam more carefully on
the nature on [7] to bound the derivative. More numerical estimation
can also be applied to the integral for a better sense of the function.
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APPENDIX:
Part 1(pricing.m)

1 func t i on [ V ] = p r i c i n g ( A )
2 %UNTITLED2 Summary o f t h i s func t i on goes here
3 s1 = 1 ; s2 = 1 ; s = [ s1 s2 ] ;
4 c1 = 0 . 5 ; c2 = 0 . 5 ; c = [ c1 , c2 ] ;
5 K = 0 . 9 2 ;
6 sigma1 = 0 . 2 ; sigma2 = 0 . 2 ; sigma = [ sigma1 , sigma2 ] ;
7 co r r = 0 . 3 ;
8 r f = 0 . 0 2 ;
9 maturity = 1 ;

10
11 i t e r = 10000000;
12 x = randn (2 , i t e r ) ;
13 alpha = x − repmat ( ( r f − sigma ’ . ˆ 2 / 2) ∗( maturity ) , 1 , i t e r ) ;
14 theta =1;
15 phi = max( theta ∗(sum( repmat ( s ’ , 1 , i t e r ) .∗ exp (x ) .∗ repmat ( c ’ , 1 , i t e r ) ) − K) , 0) ;
16 r e s u l t = phi .∗ exp(−1/2∗ dot ( alpha , (A \ alpha ) ) ) ∗ 2 ∗ pi .∗ exp (1/2 ∗ ( x ( 1 , : )

. ˆ2 + x ( 2 , : ) . ˆ 2 ) ) ;
17 i n t = mean( r e s u l t ) ;
18 V = exp(− r f ∗maturity ) / ((2∗ pi ) ˆ(2/2)∗abs ( det (A) ) ˆ(1/2) )∗ i n t ;
19
20 end

Part 1(errorcheck.m)

1 s1 = 1 ; s2 = 1 ; s = [ s1 s2 ] ;
2 c1 = 0 . 5 ; c2 = 0 . 5 ; c = [ c1 , c2 ] ;
3 K = 0 . 9 2 ;
4 sigma1 = 0 . 2 ; sigma2 = 0 . 2 ; sigma = [ sigma1 , sigma2 ] ;
5 co r r = 0 . 3 ;
6 r f = 0 . 0 2 ;
7 maturity = 1 ;
8
9

10 % Assuming only 2 s tock s s = 2∗1 , t = 1∗1;
11
12 M = diag ( sigma ) ;
13 C = ze ro s (2 , 2 ) ;
14 C(1 ,1 ) = 1 ; C(1 ,2 ) = cor r ; C(2 ,1 ) = cor r ; C(2 ,2 ) = 1 ;
15 A = maturity ∗ (M ∗ C ∗ M) ;
16
17 [ eV , eD ] = e i g (A) ;
18 v0 = pr i c i n g (A) ;
19 v = ze ro s (10 ,2 ) ;
20 eps = 0 . 0001 ;
21 f o r i = 1:100
22 v ( i , 2 ) = abs ( p r i c i n g (eV ∗ (eD + diag ( [ eps∗ i , eps∗ i ] ) ) ∗ eV ’ ) − v0 ) ;
23 end
24 v ( : , 1) = eps ∗ (1 : 100 ) ;
25 p lo t (v ( : , 1 ) , v ( : , 2) )
26
27 export (v , ’ F i l e ’ , ’ e r r o r . csv ’ , ’ De l imi t e r ’ , ’ , ’ )
28 wr i t e t ab l e (v , ’myData . csv ’ , ’ De l imi te r ’ , ’ , ’ )

Part 2(errorF.m)

1 func t i on [ e r r o r s i g ] = er ro r F ( a )
2 %check the e r r o r based on a
3 K = 1 ; r f = 0 . 0 2 ; maturity = 1 ; s =1;
4
5
6 i t e r = 1000000;
7 z = randn (1 , i t e r ) ;
8
9 m = ( r f−a ˆ2/2)∗maturity ;

10 x = ( z ) ∗ maturity ˆ(1/2)∗a + m;
11 F = max(K − s ∗ exp (x ) , 0) ;
12 F m = max(K − s ∗ exp (m) , 0) ;
13 %P a = (aˆ2) ˆ(−1/2) ∗ exp(−(x−m) .ˆ2 /(2∗aˆ2∗maturity ) ) ;
14
15 %in t = (F.∗P a ) .∗ exp (x .ˆ2 / 2) ;
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16 s i g = F m;
17 e r r o r = mean(F) − F m;
18 end

Part 2(ploterror.m)

1 % 2 1
2 as = 4 : −0.01 : 0 . 0 0 0 1 ;
3 e r r o r s = ze ro s (1 ,5∗80) ;
4 e r r o r s e = ze ro s (1 ,5∗80) ;
5 f o r i = 1 : (5∗80)
6 [ e r r o r s ( i ) e r r o r s e ( i ) ] = er ro r F ( as ( i ) ) ;
7
8 end
9 f i g u r e

10 p lo t ( as , e r ro r s , as , e r r o r s e ) ;
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